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INTRODUCTION 


Economic  forecasting  is  normally  dependent  on  past  data. 

The  methods  which  are  selected  to  analyze  these  data  are  a reflec- 
tion of  the  researcher's  estimates  concerning  the  "best"  way  to 
deal  with  the  historical  data  at  hand.  These  estimates  arise  from 
a decision  which  must  be  made:  should  the  analyst  deal  with  the 
data  as  they  appear  (the  normal  course  of  events),  or  should  the 
analyst  attempt  to  look  beyond  the  observed  data  and  base  his 
forecasts  on  other  underlying  structural  conditions. 

The  United  States  Air  Force  (USAF)  has  always  been  faced 
with  the  problem  of  forecasting  the  monthly  outlays  required  to 
finance  all  its  operations.  In  the  USAF,  outlays  are  the 
difference  between  disbursements  and  reimbursements  in  31  general 
treasury  code  categories  such  as  3010F — Aircraft  Procurement  or 
3500F — Military  Personnel.  The  correct  amount  of  the  outlays  must 
be  known  because  the  treasury  is  required  to  have  funds  on  hand  to 
pay,  on  a monthly  basis,  the  debts  which  have  been  incurred  by 
the  DOD.  If  the  proper  funds  are  not  available  at  the  treasury, 
these  monies  must  be  borrowed  at  the  current  market  rate  to  make 
up  any  deficits.  Although  this  is  a problem  for  all  government 
agencies,  the  USAF,  through  its  massive  research  and  purchasing 
contracts,  is  more  susceptible  to  making  bad  estimates  of  the 
monthly  amount  of  these  outlays.  Tiie  amount  of  interest  charged 

4 
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for  treasury  bills  (assume  7-1/2  on  90  day  bills)  clearly  makes 
mistakes  in  this  area  very  costly.  For  example,  one  shortfall 
of  $100  million  for  90  days  would  cost  the  treasury 


.075  x 100,000,000 
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$1,875,000  in  interest  expenses. 


Past  analyses  of  military  outlay  data  have  concentrated  on 
the  total  outlay  figures  in  each  of  the  treasury  code  categories. 

For  reasons  which  will  become  apparent  later  in  this  paper,  these 
analyses  have  been  quite  unsuccessful.  The  data  in  every  treasury 
code  category  demonstrate  seasonality  patterns,  but  the  large 
variance  in  the  data  creates  forecasts  of  unacceptable  reliability 
when  any  of  the  conventional  trended  data  regression  techniques 
are  applied.* 

The  problem  which  this  paper  will  address  is  the  development 
of  a new  method  for  forecasting  USAF  outlays.  Outlays  are  defined 
to  be  the  total  cash  outflow  in  any  given  month  which  is  required  to 
pay  USAF  debts.  This  cash  outflow  is  a function  of  two  elements: 
disbursements , or  monies  which  flow  out  of  Air  Force  accounts,  and 
reimbursements , or  monies  which  flow  into  Air  Force  accounts  (because 


Past  analyses  have  utilized  Generalized  Least  Squares  with 
autoregressive  schemes.  Polynomial  Distributed  Lags,  Almon  Lags, 
Cochran-Orcutt  based  regression,  and  Box-Jenkins  techniques.  In 
every  case,  the  variability  of  the  data  (arising  from  excessive 
"white  noise")  has  prohibited  sufficiently  accurate  forecasts.  Navy 
Expenditures  Forecast  Project,  Phase  II,  Development  Items,  Synergy 
Company,  March  15,  1973. 


of  interservice  or  contractual  agreements).  Thus,  outlays  are  the 
difference,  in  any  given  month,  between  disbursements  and  reimburse- 
ments. 


MONTHLY  INCREMENTAL  EXPENDITURES 

The  initial  investigation  of  this  problem  showed  that  the 
monthly  outlays  in  each  treasury  code  category  are  actually  com- 
posed of  several  strings  of  data.  These  strings  occur  because,  at 
the  start  of  every  fiscal  year,  money  is  allocated  to  each  treasury 
code  category.  However,  in  almost  all  major  categories,  this 
money  is  actually  spent  over  the  next  three  to  five  years.  Thus, 
the  observed  monthly  outlays  in  any  treasury  code  category  are 
actually  composed  of  several  fiscal  year  subgroups,  each  of  which 
exhibits  its  own  spending  pattern.  The  possible  effects  of  different 
overlapping  spending  patterns  on  the  observed  data  in  a treasury  code 
category  are  shown  in  Figures  1,  2,  and  3,  page  7.  Note  that  unless 
the  increasing  and  decreasing  segments  of  the  incremental  distribu- 
tions for  each  are  non-linear  (Figures  2 and  3) , no  peaks  will  occur 
in  the  observable  data  (Figure  1) . Note  also  that  as  these  example 
distributions  come  closer  to  the  expected  shape  of  an  expenditure 
pattern  (Figure  3)  the  observed  data  becomes  more  complicated,  and 
the  peaks,  although  present,  are  less  pronounced.  Normally,  the 
observed  data  pattern  in  Figure  3 would  be  said  to  possess  a high 
degree  of  seasonality,  and  forecasts  would  be  made  based  on  this 


Observed 

Data 


Observed  Data 


Expenditure  Pattern 
for  a Single  Fiscal 
Year's  /WX, 
Money  / 


Nonlinear  Increase  and  Decay 


Incremental 

Monthly 

Outlays 


Observed  Data 


Expenditure  Pattern 
for  a Single  Fiscal  Year's 


observation.  However,  as  Figure  3 demonstrates,  causes  other  than 
seasonality  (such  as  underlying  data  patterns)  may  also  account  for 
observed  data  of  this  type. 


Cumulative  Expenditure  Patterns 

Although  incremental  distributions  can  be  used  to  demonstrate 
the  manner  in  which  the  observed  outlay  data  is  generated,  cumulative 
expenditure  distributions  are  easier  to  use  for  modelling  and  fore- 
casting. When  the  cumulative  expenditure  pattern  for  each  fiscal 
year's  money  is  investigated,  it  is  apparent  that  both  disbursements 
and  reimbursements  follow  an  S-curve  pattern  in  every  treasury  code 
category  as  money  is  spent  over  a one  to  five  year  period.  These 
S-curves  always  show  that  most  outlay  activity  takes  place  in  the 
middle  part  of  the  spendout  period.  For  example.  Figure  4,  page  9, 
shows  the  cumulative  pattern  associated  with  reimbursements  in  the 
aircraft  procurement  area  (3010).  This  is  a typical  S-curve  pattern 
which  reflects  a slow  start  to  the  program  followed  by  a rapid 
building  phase  and  an  even  slower  winddown  of  activity.  Figure  5, 
page  10,  shows  how  the  cumulative  expenditure  patterns  for  each 
fiscal  year's  money  in  any  given  treasury  code  category  will 
eventually  yield  a string  of  observed  data.  In  this  figure,  it 
is  important  to  note  that  the  inflection  point  of  each  cumulative 
expenditure  pattern  is  directly  aligned  with  the  peak  of  the 
corresponding  incremental  distribution.  The  peaks  of  the 
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INCREMENTAL  EXPEND ITLRES 


CUMULATIVE  EXPENDITURES 


CHAPTER  I 


DERIVING  THE  S-SHAPED  CURVE 

The  recognition  that  regular  S-shaped  cumulative  expenditure 
patterns  do  exist  for  each  fiscal  year's  money  in  every  treasury 
code  category,  and  that  this  type  of  cumulative  expenditure  pattern 
can  generate  the  incremental  curves  which,  in  turn,  result  in  the 
observed  data  shown  in  Figure  5 suggests  that  the  S-shaped  cumulative 
expenditures  curves  might  serve  as  the  proper  vehicle  for  forecasting 
Air  Force  outlays.  In  addition,  since  these  curves  possess  detailed 
information  concerning  the  actual  expenditure  of  each  fiscal  year's 
money,  they  should  provide  better  forecasting  accuracy  than  methods 
which  use  only  the  observed  data.  This  leads  to  two  suggested 
paradigms  for  accomplishing  fiscal  spending  researcli  in  the  military 
outlay  area.  The  choice  between  these  paradigms  depends  on  whether 
or  not  fiscal  year  data  in  each  outlay  category  are  known. 

Actual  Expenditure  Data  for 
Each  Fiscal  Year  are  Known 

If  the  specific  yearly  expenditure  data  for  every  spending 
category  are  available,  the  S-curves  can  be  directly  calculated. 

This  is  the  case  for  defense  expenditures  and  it  should  generally 
be  the  case  with  all  organizations  having  historical  data.  As 
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shown  in  Figure  4,  page  9,  Che  format  for  plotting  these  S-curves 
should  be  percent  cumulative  expenditure  versus  percent  cumulative 
time.  For  disbursements,  total  obligation  authority  (or,  for  past 
data  on  which  the  spendout  has  been  completed,  total  amount  spent) 
will  determine  the  100%  level  for  expenditures.  For  reimbursements, 
the  total  figure  will  be  the  actual  amount  received.  (This  can  be 
calculated  by  the  method  outlined  in  Chapter  III  if  the  spendout 
period  lias  not  been  completed.)  Total  spendout  time  for  each 
program  will  determine  the  100%  level  for  time.  This  method  of 
formatting  will  compensate  for  the  effects  of  inflation  or  any 
other  factors  which  are  dependent  on  the  actual  dollar  figures 
involved. 

Actual  Expenditure  Data  for 
Each  Fiscal  Year  are  Not  Known 

If  specific  data  for  each  fiscal  year  are  not  available, 
and  only  the  total  data  stream  for  some  general  spending  category 
can  be  used  (this  would  be  a case  where  only  the  observed  data  shown 
in  Figure  5,  page  10,  was  available),  one  may  proceed  in  the 
following  manner. 

Assume  that  the  amount  of  money  available  for  defense 
spending  is  constrained  to  the  extent  that  purchases  must  be  made 
in  accordance  with  the  amount  of  money  available.  Also  assume 
that  the  planning  periods  which  are  utilized  for  this  spending  are 
uniform.  Then  the  following  points  should  apply: 
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(A)  As  shown  In  Figure  4,  page  9,  the  spending  for  each 
planning  period  (fiscal  year)  should  resemble  a growtli  curve 
(S-curve ) when  data  is  displayed  in  a cumulative  form. 

(B)  For  any  given  constant  pattern  of  S-curves,  a vertical 
line  can  not  intersect  more  than  a single  S-curve  in  its  period 

of  maximum  growth  (Figure  5,  page  10).  This  period  of  maximum  growth 
is  the  area  of  the  S-curve  located  closest  to  the  inflection  point. 

(C)  Any  intersection  of  a vertical  line  and  an  S-curve  at 
a period  of  maximum  growth  will  hit  all  other  curves  at  periods 
of  much  lower  growth.  This  characteristic  will  invariably 
generate  a series  of  incremental  expenditure  distributions  as 
shown  in  Figure  5. 

(D)  The  points  of  maximum  growth  (inflection  points)  and 
hence,  the  peaks  of  the  individual  incremental  distributions,  will 
only  occur  at  intervals  of  the  same  length  as  those  on  which  the 
growth  curves  are  generated.  [If  uniform  S-curves  are  generated 

at  the  start  of  each  planning  period,  the  time  between  the  inflection 
points  must  match  the  interval  between  curve  generations,  no  matter 
where  the  inflection  points  are  located  in  eacli  specific  S-curve.] 

(E)  Then  the  periods  of  maximum  growth  (inflection  points) 
of  the  S-curves  will  be  coincident  with  the  peaks  in  the  observed 
data,  and  the  observed  data  stream  would  appear  as  shown  in 
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have  shown  that  this  pattern  will  also  result  from  a family  of 
S-curves.  In  addition,  for  defense  expenditures,  the  element  of 
seasonality  is  probably  a very  minor  consideration. 

Constructing  Curves  When  Fiscal  Year  Data  are  Unknown 

Since  the  S-shaped  curves  play  such  an  important  role  in  outlay 
forecasting,  it  is  desirable  to  be  able  to  construct  these  curves 
even  when  fiscal  year  data  are  missing.  When  this  is  the  case,  the 
following  methodology  nay  be  employed. 

Assume  a string  of  observed  data,  as  shown  in  Figure  5,  in 
which  neither  the  underlying  pattern  of  the  S-curves  nor  the  specific 
fiscal  year  outlays  are  known  (but  which,  one  had  reason  to  believe, 
is  composed  of  this  type  of  spending  pattern) . Analyze  the  data 
using  an  appropriate  lagging  procedure  for  trended  data.  The 
results  of  this  analysis  will  specify  the  location  of  and  interval 
between  the  peaks  in  the  data.  If  these  peaks  are  found  by  this 
lagging  procedure,  the  inflection  points  and  their  associated 
S-curves,  if  they  exist,  must  be  in  a regular  pattern. 

The  distance  between  the  peaks  is  the  time  distance  between 
the  formation  of  individual  S-curves.  This  distance  should  corres- 
pond to  known  planning  periods  for  the  system  being  investigated. 

If  all  expenditures  are  handled  in  a percentage  format  (as 
previously  suggested  in  this  chapter),  the  following  items  will 
have  been  determined. 
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(1)  the  upper  level  of  expenditure  i6  defined  to  be 


100%.  The  actual  vaule  must  be  filled  in  later  from  other  sources. 

(2)  the  location  of  the  S-curve  inflection  points  is 
beneath  the  peaks  in  the  observed  data. 

(3)  the  time  between  generation  of  the  individual 
S-curves  is  the  time  between  the  peaks  in  the  observed  data. 

These  three  items  plus  a knowledge  of  the  planning  intervals  in 
the  economy  being  studied,  will  allow  one  to  infer  the  time  between 
the  start  of  each  S-curve  expenditure  pattern  and  the  inflection 
point  in  that  pattern.  This,  in  turn,  should  lead  to  reasonable 
inferences  as  to  the  likely  ending  points  and  probable  shape  of  the 
S-curves . 


CHAPTER  II 

FITTING  THE  S-SHAPED  CURVE 

At  this  point,  the  specific  S-shaped  curves  for  disbursements 
and  reimbursements  in  each  treasury  code  category  are  either  known 
or  have  been  approximated.  Since  two  well-known  equations  do 
exist  for  fitting  S-shaped  curves,  the  temptation  is  usually  to 
choose  one  of  these  equations  to  fit  the  curves  resulting  from  the 
data  at  hand.  However,  these  techniques  will  almost  certainly 
result  in  a failure  to  get  good  forecasts. 

The  failure  of  the  two  standard  forms  of  the  S-shaped  curve 
(the  Logistics  and  the  Gompertz) (See  Appendix  I)  to  provide 
accurate  forecasts  can  be  attributed  to  two  principle  causes: 

(1)  The  equation  for  the  Gompertz  curve  assumes 
symmetry  around  an  inflection  point  which  is  the  geometric  mean  of 
the  Y values,  while  the  equation  for  the  Logistics  curve  makes  the 
same  assumption  for  the  true  mean  of  the  Y values.  Neither  of 
these  assumptions  is  usually  justified  in  real-world  situations 
where  the  inflection  point  may  occur  at  virtually  any  intermediate 
position  on  the  curve. 

(2)  Because  of  the  order  of  the  polynomials  needed  to 
express  these  curves,  slight  perturbations  of  the  data  early  in 
the  growth  process  can  quickly  force  the  equation  for  either  of  the 
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curves  to  forecast  an  unrealistically  high  or  low  figure  for  total 
growth. 

The  major  problem  in  handling  any  S-shaped  curve  is  thus  one 
of  keeping  under  control  the  higher-order  polynomials  necessary  to 
express  this  complicated  curve  form.  If  one  realizes  that  any 
S-shaped  curve  is  merely  the  cumulative  form  of  a bell  curve,  as 
shown  in  Figure  6,  a solution  to  this  particular  problem  becomes 
apparent. 

Y = Dollars  Spent  Y = Cumulative  Dollars  Spent 


Figure  6.  The  Derivation  of  the  S-shaped  Curve 

The  S-shaped  curve  may  be  separated  (or  "broken")  at  the 

inflection  point  to  yield  two  simpler  curves  of  a form  which  may 

be  expressed  by  either  a logrithmic  (y  = axb)  or  a quadratic 

2 

(y  = a + b^  x^  + b£  x^)  equation.  Standard  econometric  fitting 


- 
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techniques  may  then  be  used  to  determine  which  of  these  two  curve 
forms  is  the  best  fit. 

Treating  Autocorrelation 

Selecting  the  best  curve  form  is  greatly  complicated  by  the 
fact  that  the  time  dependent  nature  of  these  curves,  and  indeed 
the  entire  outlay  process,  tends  to  cause  a great  deal  of  auto- 
correlation in  the  resulting  data.  This  autocorrelation,  which  is 
a violation  of  the  necessary  assumption  that  regression  residuals 
are  not  related,  must  be  dealt  with  and  eliminated  from  the  data 
before  a valid  selection  of  equations  can  be  made  to  express  the 
lower  and  upper  halves  of  the  S-shaped  curve.  For  this  particular 
research,  autocorrelation  was  removed  through  the  use  of  Generalized 
Least  Squares  following  an  autoregressive  transformation  which  used 
a two-step  procedure  for  the  estimation  of  Rho.  This  process  is 
explained  in  its  entirety  in  Appendix  II. 

The  method  used  in  this  research  for  treating  each  additional 
order  of  autocorrelation  removes  one  additional  data  point  from  the 
lower  end  of  whichever  half  of  the  S-shaped  curve  is  being  considered. 
This  occurs  because  each  succeeding  transformation  steps  back  in 
time  one  data  point  further  in  an  attempt  to  remove  any  past 
influences  on  the  current  regression  residual.  This  process  has 
an  inherent  benefit  in  that  it  tends  to  weight  recent  observations 
more  heavily  than  past  observations,  and  it  results  in  a rather 


sophisticated  smoothing  technique  which  the  U3er  may  vary  to 
assure  that  the  fitted  curves  will  converge  rapidly  on  the  proper 
values. 

Tables  I through  LXIV  show  the  results  of  this  curve  fitting 
technique  when  it  is  applied  to  actual  USAF  disbursement  and  reim- 
bursement figures  for  FY  73  to  78  monies  in  every  treasury  code 
category.  The  tables  give  the  general  curve  equation  which  is 
derived  for  the  upper  and  lower  segment  of  the  S-shaped  curve  in 
each  treasury  code  category.  A separate  table  is  included  for 
disbursements  and  reimbursements  in  each  category.  The  rows  of 
the  tables  give  the  statistics  which  result  from  fitting  the 
S-shaped  curve  to  each  fiscal  year's  data  as  well  as  the  statistics 
from  the  general  curve  equation  which  is  presented  on  that  table. 

In  some  cases,  the  last  two  or  more  years  of  an  expenditure  pattern 
show  virtually  no  change  since  all  of  the  monies  had  been  spent 
early  in  the  spendout  period.  In  these  cases,  a third,  linear 
part  of  the  expenditure  curve  is  broken  out  and  fitted  separately. 

When  each  curve  segment  is  fitted,  the  segments  are  rejoined 
to  derive  the  complete  S-curve.  The  mathematics  involved  in  this 
procedure  are  covered  in  Chapter  III  and  Appendix  III.  It  is 
interesting  to  note  that  the  variance  involved  in  using  two  (or 
three)  equations  instead  of  one  is  merely  the  sum  of  the  variances 
for  the  two  (or  three)  equations.  Therefore,  the  standard  error 
involved  in  using  this  technique  remains  relatively  small. 


When  the  curves  for  each  fiscal  year  in  every  expenditure 
category  are  developed,  the  same  technique  of  calculating  the  upper 
and  lower  halves  of  the  S-shaped  curve  and  then  mating  these  segments 
at  the  inflection  point  can  be  used  to  derive  a general  curve  based 
on  the  data  from  all  fiscal  years  in  each  treasury  code  category. 

This  general  curve  then  serves  as  the  forecasting  vehicle  for  new 
fiscal  year  monies  for  which  no  data  exist. 

Tables  I through  LX1V  also  show  the  results  of  fitting  the 
general  curve  segments  using  a quadratic  equation  for  both  the 
lower  and  upper  halves.  A certain  degree  of  heteroscedasticity  is 
introduced  into  these  data  sets  by  a normalization  of  the  data 
which  forces  the  S-shaped  curve  to  begin  at  the  0%  time  and  expen- 
ditures point  and  end  at  the  100%  time  and  expenditures  point. 

Because  of  the  obvious  statistical  significance  of  the  results, 
the  heteroscedasticity  was  not  deemed  to  be  a significant  problem. 
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CHAPTER  III 


DEVELOPING  AND  USING  THE  S-SHAPED  CURVE 

A general  method  for  the  development  and  use  of  the  S-shaped 
curve  to  describe  disbursements  and  reimbursements  in  a specific 
treasury  code  category  follows  these  steps: 

Step  1:  Collect  the  Data 

The  end  objective  of  this  study  is  to  calculate  the  monthly 
outlays  in  each  treasury  code  category  (14  in  Exhibit  I).  The 
outlay  figure  is  composed  of  the  difference  between  disbursements 
(14A  in  Exhibit  I)  and  reimbursements  (14B  in  Exhibit  I).  Fore- 
casting both  the  disbursements  and  reimbursements  and  then  combining 
these  figures  to  get  the  outlay  figure  for  each  month  provides 
greater  accuracy  than  could  be  achieved  with  alternative  methodologies. 
In  addition,  this  method  has  the  advantage  of  corresponding  to 
normal  Air  Force  procedures. 

The  data  used  in  this  project  are  recorded  on  DD  Form  1176 
(Exhibit  I)  and  then  transferred  to  computer  tape  for  storage. 
Extracting  the  data  from  this  tape  presented  several  problems. 

First,  the  DD  Form  1176  records  data  in  a format  which  is  cumulative 

by  year.  The  methodology  used  in  this  study  requires  data  which 
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are  cumulative  over  the  entire  spendout  period,  and  normally 
several  fiscal  years'  data  are  included  in  such  a time  period. 

A computer  program  had  to  be  written  (Exhibit  II)  to  get  this  data 
in  the  proper  format.  This  program  creates  the  cumulative  data 
format,  and  it: 

(1)  Extracts  data  from  the  tape  by  treasury  code 

category. 

(2)  Extracts  specific  years  of  data  from  each  treasury 
code  category  if  desired. 

(3)  Calculates  the  percentage  figures  and  places  data 
in  the  proper  format  using  these  figures. 

(4)  Transmits  this  data  to  cards,  a line  printer,  or 
another  file. 

Two  major  problems  arise  when  working  with  DD  Form  1176  data. 
First,  the  data  included  in  FY  76T  are  basically  unuseable.  This 
results  from  the  extremely  short  duration  of  this  fiscal  period  and 
the  small  amounts  of  money  involved.  For  these  reasons,  and  because 
another  single  quarter  Ciscal  year  is  unlikely,  these  data  are  not 
analyzed  or  included  in  the  outlay  model. 

Second,  a problem  arises  concerning  the  total  amount  of  reim- 
bursements. This  figure  must  be  known  since  it  is  used  in  the  same 
manner  as  the  Total  Obligation  Authority  to  establish  the  100%  level 
for  reimbursements  in  every  account.  The  100%  figure  is  obvious 
in  the  case  of  disbursements  since  the  Total  Obligation  Authority 
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is  known.  However,  no  similar  indication  of  total  reimbursements 
exists,  and  hence,  some  proxy  for  this  figure  must  be  found.  For 
accounts  where  complete  data  do  not  exist,  the  figure  for  total 

j 

reimbursements  can  be  extrapolated  from  prior  data.  Assume  a 
treasury  code  category  (for  example,  3010 — Aircraft  Procurement) 
where  the  total  reimbursements  for  the  FY  1978  account  are  not 
known,  but  where  the  total  reimbursements  for  the  FY  1975  account 
are  known.  The  proxy  for  total  reimbursements  in  the  FY  1978 
account  is  calculated  from  a combination  of  past  data  for  both 
accounts  and  the  latest  monthly  data  for  the  1978  account.  If  the 
9th  month's  data  are  the  latest  available,  and  if  all  of  the  data 
for  FY  1975  are  available , then 

FY1975,  9th  Month  (Known)  _ FY1978,  9th  Month  (Known) 

FY1975,  Total  Reimbursements  FY1978,  Total  Reimbursements 
(Known)  (Unknown) 

This  naive  calculation  of  the  FY  1978  total  could  undoubtedly  be 
improved  by  having  a knowledgeable  program  manager  provide  subjective 
inputs  based  on  recent  information  about  the  manner  in  which  the 
3010  account  is  currently  operating. 

Step  2:  Plot  the  Curve 

When  the  data  for  disbursements  and  reimbursements  are  placed 
in  the  proper  cumulative  percentage  format,  and  the  spendout  times 
have  been  similarly  calculated,  the  effect  is  to  normalize  the 
data.  Any  set  of  data  can  now  be  compared  with  any  other  set  of 
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data  when  plotted  on  the  axis  of  Figure  7.  At  this  point,  the 
entire  S-shaped  curve  for  the  outlay  category  and  fiscal  year 
being  investigated  can  be  plotted.  The  result  will  generally 
resemble  the  curve  shown  in  Figure  7. 


% of 

Total 

Budget 


% of  Total  Time 


Figure  7.  Disbursements  or  Reimbursements  vs.  Time 

Step  3:  Locate  the  Inflection  Point 
After  plotting  the  S-curve,  locate  the  largest  incremental 
change  in  disbursements  or  reimbursements  which  is  followed  by  two 
periods  of  decreasing  change.  This  increment  is  designated  as  the 
inflection  point.  The  S-shaped  curve  is  broken  at  this  point  and 
the  inflection  point  becomes  the  last  data  point  on  the  first  (or 
lower)  curve  and  the  first  data  point  on  the  second  (upper)  curve. 
This  common  point  allows  the  curves  to  be  spliced  again  after  curve 
fitting.  Tables  I through  LXIV  show  the  location  of  all  the  inflec- 
tion points  for  the  disbursement  and  reimbursement  data.  Note  that 
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within  a treasury  code  category  the  inflection  point  occurs  at  the 
same  general  time  point,  but  witli  a great  amount  of  variability  in 
the  percent  of  money  involved.  Because  all  the  points  occur  in  the 
linear  portion  of  the  curve,  exact  location  of  the  point  is  not 


critical. 


Step  4:  Fit  the  Curves 


Develop  equations  for  the  lower  and  upper  portions  of  the 

disbursement  and  reimbursement  curves  using  Generalized  Least 

Square  regression.  Due  to  the  shape  of  the  curve,  a quadratic 

2 

(y  = a + bj  x^  + b^  x^)  equation  is  usually  appropriate.  Particular 
care  must  be  taken  to  assure  that  the  curve  equations  have  dealt 
with  the  problems  inherent  in  the  use  of  time  series  data.  Failure 
to  correct  the  problem  of  autocorrelation  will  result  in  curve 
equations  which  are  of  little  value  and  which  will  adversely  affect 
the  performance  of  the  completed  model. 

If  a complete,  or  virtually  complete,  set  of  data  are  avail- 
able, an  alternative  method  of  fitting  the  entire  curve  in  a single 
step  can  be  used.  This  can  be  accomplished  through  the  use  of  a 
dummy  variable  which  is  0 prior  to  the  time  at  which  the  inflection 
point  occurs  and  1 after  the  time  at  which  it  occurs.  This  pro- 
cedure yields  the  following  equation: 

y = a^  + b^  x^  + b2  x^  + a.^D  + b^CDS^)  + by(DS^) 


where 

D J°  Prior 

(l  after 


to  the  inflection  point 
the  inflection  point. 


26 


Thus,  this  equation  becomes 


A 


2 

y * a^  + b^  x^  + bx^  prior  to  the  inflection  point 

2 

and  y - (A^  + a^)  + (b^  + b-^x^  + (B2  + b^)x^  after  the  inflection 
point. 

This  method  allows  both  halves  of  the  S-shaped  curve  to  meet  at 
the  inflection  point  in  approximately  the  same  manner  as  they  would 
meet  if  both  halves  were  fitted  separately. 

Step  5:  Calculate  the  General  Curve 


I I 
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After  each  fiscal  years'  data  in  a treasury  code  category 
are  analyzed  using  the  methods  just  described,  a general  curve  for 
each  category  can  also  be  calculated.  To  accomplish  this,  all  of 
the  data  for  the  lower  part  of  each  fiscal  year's  program  are 
pooled.  A general  lower  curve  equation  is  calculated  from  this 
pooled  data.  Similarly,  a general  upper  curve  is  also  calculated 
from  pooled,  upper  curve  data.  Or,  all  of  the  data  may  be  pooled 
and  the  dummy  variable  approach  may  be  used  to  calculate  a complete 
general  S-shaped  curve  for  a treasury  code  category.  However  it 
is  calculated,  this  general  curve  has  the  following  advantages: 

It  contains  all  of  the  information  which  exists  con- 
cerning the  manner  in  which  disbursements  or  reimbursements  occur. 
This  information  is  not  biased  by  a specific  years'  experience. 
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The  variance  statistics  for  the  general  curve  express 
the  level  of  uncertainty  which  has  accompanied  all  past  programs. 
This,  in  turn,  sets  a realistic  boundary  for  future  experience. 
Because  of  these  advantages,  the  general  curve  is  an  excellent 
forecasting  vehicle  whose  use  will  be  explored  in  Chapter  IV. 


CHAPTER  IV 


FORECASTING  USING  THE  S-SHAPED  CURVE 

Once  the  specific  and  general  curve  equations  have  been 
developed  for  the  disbursement  and  reimbursement  data  for  each 
treasury  code  category,  a decision  must  be  made  concerning  the 
manner  in  which  these  equations  will  be  used.  There  are  four 
possible  conditions  which  may  be  encountered  at  this  point: 

(I)  The  data  for  which  the  curve  is  developed  are 
complete  and  the  equations  for  both  the  lower  and  upper  parts  of 
the  S-shaped  curves  are  known. 

(II)  Enough  data  exist  to  allow  the  calculation  of 
the  equation  for  the  lower  part  of  the  S-shaped  curve,  but  not  the 
upper  part. 

(Ill)  The  lower  part  of  the  S-shaped  curve  is  complete, 
but  only  partial  data  exist  for  the  upper  part  of  the  curve. 

(IV)  No  actual  data  exist  concerning  the  spendout  of 
a fiscal  year's  monies  because  the  fiscal  year  will  start  at  some 
future  date. 

As  Figure  5,  page  10,  shows,  the  total  amount  spent  in  any  given 
month  is  composed  of  amounts  spent  from  a number  of  different  fiscal 
year's  programs.  Indeed,  if  the  spendout  period  is  three  years, 
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points  from  three  different  curves  will  have  to  be  summed,  and  if 
the  spendout  lasts  for  five  years,  points  from  five  different  curves 
must  be  used  to  calculate  total  disbursements  or  reimbursements. 

This  means  that  any  forecast  will  probably  have  to  deal  with 
most  or  all  of  the  conditions  listed  in  point  I through  IV  above, 
and  these  conditions  can  be  handled  in  the  following  manner: 

I.  All  data  are  known.  This  implies  that  the  spendout 
period  for  the  disbursements  or  reimbursements  has  already  elapsed 
or  will  do  so  in  the  very  near  future.  Hence,  the  amounts  of  money 
can  be  directly  calculated  from  the  equations  for  the  curve  if  they 
are  a] ready  known.  Since  the  general  curve  is  derived  from  a number 
of  specific  programs,  many  of  which  have  been  completed,  this  curve 
only  requires  the  appropriate  entries  for  the  percentage  of  time  in 
order  to  calculate  the  percentage  of  total  reimbursement  or  dis- 
bursement involved. 

II.  Partial  data  exist  to  calculate  the  lower  part  of 

the  curve. 

(A)  First  derive  the  two  halves  of  the  equation 
for  the  general  S-shaped  curve  in  the  manner  described  in  Step  5 
of  the  previous  chapter.  This  gives  curve  1 of  Figure  8,  page  31. 

(B)  Assume  now  that  the  first  data  points  con- 
cerning actual  disbursement  or  reimbursement  information  are 
available.  These  data  points  are  converted  to  percentage  figures 

by  dividing  by  the  Total  Obligation  Authority  or  Total  Reimbursement 
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% Total  Reimbursements  or 


Figure  C.  Forecasting  From  tiie  S-Shaped  Curve 


Figures,  and  the  percentage  figures  are  plotted  on  the  axis  of 
Figure  8.  This  leads  to  the  beginning  of  an  "actuals"  curve, 
shown  as  curve  2 of  Figure  8.  These  actuals  are  used  to  forecast 
new  monthly  outlays  as  follows: 

(1)  Derive  a new  lower  half  of  the  S-shaped  curve  by 
fitting  the  actuals  to  an  equation  of  the  form  found  to  be  appro- 
priate for  the  general  curve.  This  will  usually  be  a quadratic 
curve . 

(2)  Using  this  quadratic  curve  equation,  insert  the 
percent  of  total  time  figure  for  the  general  curve  inflection  point 
(35%  on  Figure  8)  to  forecast  a new  disbursement  or  reimbursement 
figure  at  the  inflection  point,  (Point  3 on  Figure  8)  and  then  use 
other,  intermediate  points  on  the  X (time)  axis  to  derive  a new 
lower  half  for  the  S-shaped  curve. 

(3)  Now  take  the  equation  which  was  developed  for  the 
top  half  ot  the  general  curve  for  the  treasury  code  category  being 
analyzed  and  substitute  the  percent  time  and  percent  budget  figures 
for  the  forecast  inflection  point  (Point  3,  Figure  8)  into  this 
equation  to  calculate  a new  intercept  for  the  upper  curve.  This 
new  intercept,  along  with  the  original  slope  values  from  the 
general  curve,  has  the  effect  of  "splicing"  the  equation  developed 
from  the  first  half  actuals  to  the  general  equation  for  the  second 
half  of  the  curve,  all  of  which  yields  the  new  S-shaped  curve 
(Curve  4 of  Figure  8).  In  addition,  this  procedure  has  the  advantage 


of  allowing  the  development  of  a forecast  for  the  total  disbursement 
or  reimbursement  level  which  is  constrained  by  the  historical 
information  inherent  in  the  original  budget  curve. 

Since  disbursements  are  limited  by  Congress  to  the  amount  in 
the  Total  Obligation  Authority,  the  situation  depicted  in  Figure  8 
where  the  final  disbursement  level  is  increased  beyond  the  100% 

(TOA)  point  would  hopefully  be  rare.  However,  in  the  reimbursement 
category,  where  the  total  figure  is  never  known  with  certainty, 
increases  or  decreases  from  the  estimated  level  of  total  reimburse- 
ments are  very  likely. 

III.  Complete  data  exist  for  the  lower  part  of  the  curve 
and  some  data  may  or  may  not  exist  for  the  upper  part  of  the  curve. 

With  the  general  method  for  handling  data  early  in  the  spend- 
out  period  established,  the  next  area  of  interest  is  the  forecast 
which  is  made  when  the  string  of  actual  disbursements  or  reimburse- 
ments stretches  all  the  way  to  the  assumed  inflection  point.  When 
this  occurs  two  courses  of  action  are  possible  as  the  actual  data 
approaches  and  then  crosses  the  inflection  point: 

(A)  Until  the  inflection  point  has  been  reached,  the 
best  method  of  forecasting  is  to  continue  to  develop  a new  lower 
half  of  the  curve  from  the  actuals,  and  then  to  map  this  curve  into 
the  general  curve  as  was  done  in  section  II. B. 3 of  this  chapter. 

(B)  After  the  actuals  appear  to  have  crossed  the 
inflection  point  (i.e.,  a large  incremental  change  in  a given 


period  has  been  followed  by  two  periods  of  decreasing  incremental 
changes)  one  can  proceed  in  one  of  two  ways: 

(1)  If  the  actual  data  points  continue  to  fit  the 
top  half  of  the  general  curve  within  an  appropriate  tolerance  level, 
continue  to  forecast  by  using  the  top  half  of  the  general  curve. 

(2)  If  the  actual  data  points  are  diverging  from 
the  general  curve,  and  if  enough  actual  data  points  exist  beyond 
the  inflection  point  for  regression  analysis  to  be  used,  calculate 

a new  equation  for  the  top  half  of  the  curve  using  whichever  equation 
form  was  appropriate  in  deriving  the  general  curve.  This  presumes 
that  at  least  five  data  points  have  occurred  past  the  inflection 
point.  It  should  be  noted  that  good  accuracy  in  generating  a new 
curve  will  not  o^cur  until  at  least  10  data  points  have  been 
identified . 

IV.  No  actual  data  is  available.  This  condition  exists  any 
time  the  forecast  is  required  to  pass  into  the  first  month  of  a new 
fiscal  year.  At  this  time,  only  three  things  will  be  known  about 
the  possible  outlays  which  will  result  from  the  new  fiscal  year's 
monies:  the  Total  Obligation  Authority  which  governs  the  level  of 

disbursements,  the  expected  Total  Reimbursements,  and  the  length 
of  the  spendout  period.  This  information  is  enough  to  provide  the 
dimensions  into  which  the  general  curve  can  be  mapped.  The  general 
curve,  which  is  derived  from  all  past  data  in  a specific  treasury 
code  category  thus  becomes  the  proxy  for  forecasting  outlays  in  the 
new  fiscal  year  in  this  category. 


The  ability  to  use  the  general  curve  in  this  manner  points 
up  the  importance  of  analyzing  the  data  in  the  100%  of  disbursements/ 
reimbursements  and  100%  of  time  format.  Only  by  using  this  format 
for  all  data  can  comparisons  and  forecasts  from  one  fiscal  year  to 
another  be  made. 

The  Congressional  restriction  on  spending  in  each  of  the 
treasury  code  categories  forces  an  important  constraint  on  the 
outlay  process.  This  constraint  keeps  the  differences  between 
fiscal  years  to  a minimum  and  it  allows  the  general  curve  to  act 
as  a good  proxy  for  the  actual  data  either  as  the  upper  part  of 
the  forecasting  curve  (as  suggested  in  parts  II  and  III  above) , or 
as  the  entire  curve  when  a new  fiscal  year  is  considered. 


The  Error  Associated  With  the  S-Shaped  Curve 


For  simplicity,  no  mention  has  been  made  of  the  errors 
associated  with  the  curve  derivation  and  the  forecasting  in  the 
previous  chapter.  A discussion  of  these  errors  must  essentially 
cover  two  cases : 

(1)  The  use  of  equations  developed  for  the  complete 
lower  or  upper  curves  for  either  the  general  curve  or  a specific 
fiscal  year  curve  (Steps  1 and  4 of  the  previous  chapter). 

(2)  The  use  of  an  equation  developed  from  actual  data 
which  forms  only  the  initial  part  of  an  upper  or  lower  curve 
(Steps  2 and  3 of  the  previous  chapter). 
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In  the  first  case,  the  error  associated  with  using  the 
equation  for  the  lower  part  of  the  curve  is  simply  a function  of 
the  variance  of  that  curve.  The  error  associated  with  the  upper 
curve  is  then  the  sum  of  the  upper  curve  variance  and  the  lower 
curve  variance.  Appendix  III  contains  a complete  derivation  of 
this  result.  In  this  case,  establishing  confidence  intervals  to 
deal  with  the  errors  in  forecasting  is  simple.  When  dealing  with 
the  upper  part  of  the  curve,  the  standard  deviation  is  merely  the 
square  root  of  the  sum  of  the  upper  and  lower  curve  variances. 

Calculating  the  standard  error  involved  in  case  2 is  as 
simple  as  the  procedure  for  case  1.  However,  in  this  situation, 
the  equation  for  the  standard  error  of  the  forecast 


must  be  substituted  for  the  standard  error  of  the  upper  or  lower 
curve  segment  (S^).  This  means  that  the  standard  error  associated 
with  the  upper  curve  in  section  2 of  the  previous  chapter  would  be 


' (upper) 


1 


2 2 

+ S 

f (lower)  yx(upper) 


where  X„  in  S.,,  . is  the  inflection  point  which  was  forecast. 

0 f (lower) 

For  Step  3 of  the  previous  chapter 


(uppe 

.2 


■ 

r,"V 


2 2 
Syx(lower)  + Sf (upper) 


where  X„  in  S‘  , is  the  point  being  forecast. 

0 f (upper)  * 
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CREATING  A FORECAST 


Exhibit  III  shows  an  actual  forecast  for  the  3600  Treasury 
Code  Category  (RTD&E).  This  forecast  is  constructed  to  look  like 
and  to  give  the  same  information  as  the  outlay  plan.  A forecast 
is  made  for  each  fiscal  year's  money  which  is  still  in  the  spendout 
phase.  Figure  9,  page  38,  shows  how  the  different  fiscal  years  are 
arrayed  and  why  the  forecast  will  consider  a different  12-month 
segment  of  each  S-shaped  curve.  Thus,  each  S-shaped  curve  requires 
a different  type  of  forecasting.  FY  76,  which  is  further  into  its 
spendout  period,  is  calculated  from  the  equation  generated  from  its 


own  data  since  this  data  is  complete.  FY  79,  which  is  beginning 
just  as  this  forecast  is  made,  has  no  data  and  hence,  is  forecast 
from  the  general  curve. 


The  Total  Obligation  Authority  (TOA)  which  sets  the  100% 
point  for  disbursements  is  known  for  each  of  the  fiscal  years 
including  FY  79.  Because  of  the  need  for  the  TOA  figure,  forecasts 
which  extend  into  future  fiscal  years  for  which  the  TOA  is  not 
known  are  very  difficult  to  make  with  any  degree  of  certainty,  and 
the  probable  error  associated  with  the  estimation  of  the  TOA  must 
be  added  to  the  variance  discussed  in  the  previous  section. 

The  specific  forecasts  for  RTD&E  disbursements  are  done  as 
follows:  (All  calculations  are  shown  in  Exhibit  III) 

FY  76:  The  forecast  is  made  from  the  linear  portion 
at  the  end  of  the  spendout  period.  All  money  has  been  expended, 


fchlWliWP 


• * 


■ 


and  the  forecast  calls  for  no  disbursements  in  the  twelve  month 
period. 

FY  77:  Enough  points  exist  in  the  upper  half  of  this 
S-curve  to  allow  the  generation  of  an  equation  based  on  actual  data. 
This  equation  is  used  to  forecast  months  25,  26,  27,  and  28.  Then 
the  general  linear  equation  which  expresses  the  activity  in  the  last 
20  months  of  any  RTD&E  program  is  used  to  calculate  the  rest  of  the 
points . ^ 

FY  78:  In  this  forecast,  the  lower  part  of  the  S-shaped 
curve  has  a complete  set  of  actual  data.  However,  no  data  exist 
for  the  upper  part  of  the  curve  and  hence,  the  upper  part  from  the 
general  curve  is  spliced  to  the  lower  curve  at  the  inflection  point 
(Month  12).  The  forecasts  are  then  made  from  the  general  curve 
for  months  13  through  24. 

FY  79:  There  is  no  data  available  for  this  forecast 
and  the  lower  equation  for  the  general  curve  is  used  for  months  1 
through  12. 


The  3600  category  (RTD&E)  has  a normal  S-shaped  curve 
spendout  pattern  for  the  first  28  months.  At  this  time,  all  money 
has  been  spent  and  the  remaining  20  months  contain  only  minor 
adjustments  to  the  account.  For  this  reason,  a normal  S-shaped 
curve  is  fit  to  the  first  28  months  of  data  and  then  a linear 
projection  is  made  from  month  29  to  month  48.  Other  treasury  code 
categories  where  this  technique  is  used  can  be  readily  identified 
in  Tables  I through  LXIV  by  the  inclusion  of  an  additional  linear 
equation  after  the  lower  and  upper  quadratic  equations  for  the 
S-shaped  curve. 
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FORECASTING  REIMBURSEMENTS 


After  the  forecasts  for  disbursements  for  each  fiscal  year 
are  made,  forecasts  are  also  constructed  for  each  year's  reimburse- 
ments. Since  these  figures  are  tied  directly  to  the  fiscal  years 
which  were  the  subject  of  the  forecasts  in  the  previous  section, 
the  reimbursement  forecasts  are  made  in  an  identical  manner. 

However,  one  additional  problem  is  present  in  forecasting 
reimbursements.  The  total  reimbursement  amount  for  each  fiscal 
year  is  not  known  until  the  entire  spendout  period  is  complete. 

The  method  for  arriving  at  this  total  amount  is  covered  on  pages  23-24 
in  Chapter  III.  However,  this  method  presumes  the  existence  of  some 
data,  and  it  will  not  work  for  a new  fiscal  year  in  which  no  data 
exist.  Thus,  for  FY  79  the  total  amount  of  reimbursements  is 
chosen  to  reflect  the  mean  reimbursement  level  for  the  last  six 
years  as  well  as  the  yearly  pattern  of  increases  and  decreases. 

This  is  not  the  best  method  of  choosing  a number,  and  an  analyst 
who  has  access  to  the  actual  workings  of  each  spending  program  could 

I 

probably  produce  a far  more  accurate  estimate. 

THE  SPECIFIC  AND  GENERAL  MODELS 

In  order  to  show  that  the  S-shaped  curve  is  truly  applicable 
to  all  disbursements  and  reimbursements,  and  in  order  to  provide  the 
equations  for  the  specific  and  general  curves  for  each  treasury 
code  category,  models  are  presented  for  every  fiscal  year  since 
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1973  in  every  treasury  code  category.  Exhibit  IV  gives  the 

numerical  identifiers  for  the  treasury  code  categories.  The  models 

themselves  are  the  subject  of  Tables  I through  LX1V.  The  general 

equation  for  the  lower  or  upper  part  of  the  S-shaped  curve  in  each 

category  is  given  and  statistics  for  each  fiscal  year's  equation 

as  well  as  the  general  equation  are  presented.  The  specific  fiscal 

year  equations  are  not  included  since  they  will  generally  be  subject 

to  updating  as  new  data  becomes  available. 

Tables  I through  LXIV  are  labeled  with  the  numerical  identifier 

for  a treasury  code  category  followed  by  the  letter  A or  B.  A 

refers  to  disbursements  and  B to  reimbursements.  The  tables  labeled 

(first  part)  refer  to  the  lower  part  of  the  S-shaped  curve  while 

those  labeled  (2nd  part)  refer  to  the  upper  part  of  the  curve. 

Infrequently,  a table  will  be  labeled  (3rd  part).  This  indicates 

a linear  segment  which  follows  an  S-shaped  curve. 

The  statistics  in  these  tables  demonstrate  conclusively  that 

not  only  does  the  S-shaped  curve  fit  this  type  of  data  extremely 

well,  but  in  addition  the  standard  error  associated  with  these  fits 

is  extremely  small.  The  column  labeled  "Sigma  Squared"  gives 
2 

S . the  variance  of  the  equation  for  the  curve.  These  variances 
yx’ 

show  that  one  should  expect  errors  of  1%  or  lower  when  using  most 
of  these  equations. 
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CONCLUSION 


< 


There  are  both  intuitive  and  theoretical  justifications  for 
the  use  of  S-shaped  curves  in  disbursement  and  reimbursement  fore- 
casting. Separating  this  curve  at  the  inflection  point  and  fitting 
the  two  halves  individually  provides  a means  of  increasing  the 
accuracy  of  the  fit  while  simultaneously  providing  a better  fore- 
casting vehicle.  Actual  experience  with  the  Air  Force  budget  has 
shown  that  forecasts  of  potentially  useful  accuracy  are  possible 
with  this  method.  Additionally,  the  method  has  the  advantage  of 
utilizing  data  in  the  format  which  is  currently  available,  and  of 
producing  a forecast  which  is  identical  to  the  planning  documents 
currently  being  used  in  the  Air  Force. 
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APPKNDIX  I 


APPENDIX  II 


REMOVING  AUTOCORK1' LAT I ON 

Given  that  autocorrelation  exists,  the  observed  residual  term  e 
is  actually  a combination  ol  two  errors  * 

Ct  = PUt-l  + Vt 

where  v is  the  true  error  term 

and  e ^ is  the  previous  residual  term. 

Sinie  the  true  jelationship  between  e and  ]*  p»  ls  unknown,  it 
tnuj t be  estimated.  Several  methods  are  available  for  doing  this, 
and  this  study  employs  the  following  approach: 

(a)  compute  all  of  the  n LS  residuals 


V 


(b)  compute  the  ratio  of  the  moan  product  of  successive 
residuals  to  the  LS  variance  estimator 


n-1 


or  P - 1 


T e e , 
. .on+1 

n-1  a=l 


1 


n-k 


n-1 

\z 


n 

Z c 
ct*  1 u 


. 0*1 

e • („-l) 


e e . , 
a a+1 


the  estimated  relationship 


(1) 


Once  this  estimation  has  been  made,  e may  be  used  with  the 
leneraliz.d  Lea^.t  Squares  method  to  remove  the  autocorrelation  from 


U 5 


the  data. 


(?)  may 


where 


Tills  method  proceeds  a • follow;.; 

Given:  Y - Xr  + e /pj 

wheii  c is  the  n mix  ol  residuals 
In  which  autocorrelation  is  present. 

Thus  for  any  e 


et  = PCt-l  + Vt 


substituting  p for  p,  we  multiply  by  a "differencing 
matrix 

] 


iW 


-p  1 


0 


0 


-P  1 


sow  bo  transformed  by  (?)  to  yield 
(DY)  = (DX)B  + (De) 


He 


(3) 


(4) 


■ 

~ 

V i ;2 

7 r.  -2 

1 1_p  ci 

/' 1_p  ei 

"Pei  + e2 

V2 

~Pe2  + e3 

tu 

V3 

* 

. 

-Pt-  , + e 

‘ n-1  n 

. 

v2 

tiie  set.  of  true  error  terms. 


Similarly 


l/i-p2  y, 

];ri-r2  xj 

-py1  + y2 

-PXj  + x.  1 

"^n-l+yn 

and  DX  *- 

- px  , + X 
n-1  n 1 

_ 

. 

-1 

Recalling  that  8 = (X’X)  X'Y, 
the  OI.S  solution  of  (4)  is  givin  bv 

substituting  DY  for  Y and  PX  for  X i n (7)  to  yield 

l 

f.  = [ (IX)  ' (DX)  1“  1 (PXjp'DY 
» IXVP'P)X]'!  X'  (P'D)Y 


and  the  CLS  solution  is 


8 = (X’flX)-1  X'fiY  which, 

by  (5)  eliminates  the  autocorrelation  ft  P p. 


Since  p is  an  estimate,  and  not  an  exact  value  for  p,  it  is  unlikely 
that  this  process  will  remove  all  autocorrelation  on  the  first 
iteration.  For  this  reason,  multiple  iterations  are  generally 
used  with  this  technique  and  a new  p is  calculated  by  equation  (1) 
after  each  iteration.  For  n iterations 

n 


APPENDIX  III 


CALCULATION  OF  THE  VARIANCE 


WHEN  TWO  CURVES  ARE  USED 


Curve  B 


Curve  A 


Let  A = + b^X^  ^2^1  + ^ 


B = a2  + bnX1  - b22X1  + p 


1.  Then  assume  that  E(u)  j 0 for  either 


equation. 

2.  Now  apply  an  autoregressive  transformation  where 


Ut  = PVlt-l  + £t 


then  E(et>  = 0 

,,,  v / 0,t  i s 
h(ctts)  = I 2 

l °e  * 1 = s 


and  p < 1 where 


* PtMt-l 
t=2 

p = — * the  estimate  of  p 

y 2 


3.  Now  A = + b^X^  + b^X^  + p^p^  ^ + et 

B ‘ “2  + bUXl  - b22Xl2  + 52bt-l  + et 
and  E(t-t)  = 0 so  that 

A and  B are  generated  based  on  the  values  of  X^  and  ^ 
and  their  coefficients  b and  p. 

4.  Then  A J_  B since 

1.  each  is  developed  from  its  own  data,  and 

2.  B = a function  of  the  relative  size  of  the  data  without 
reference  to  which  is  B's  only  link  to  A,  i.e.,  the  equation  for 
B will  be  the  same  for  all  in  terms  of  b^,  b^ , and  p.  X^  is 
non-stochastic  as  is  u if  stationarity  exists. 

5.  Then  A has  a variance 

2 

Var(A)  which  is  derived  from  the  o of  // 2. 

e 

Likewise  B has  a similar  variance  Var(B). 

6.  When  arriving  at  a forecast  for  some  point  on  curve  B,  one  must 
add  the  forecast  for  the  inflection  point  on  curve  A (Aj-)  to  the 
forecast  for  the  desired  point  on  curve  B (B^) . This  is  merely  the 
summation  of:^ 


1E(A)  *=  E(a1  + b1X1  + b2Xx2  + P1Pt_1  + et) 

- E(ax  + b1X1  + b2X12  + P1Pt_1)  + F.(et) 
but  E(tt)  = 0 

E(a^)  = since  is  a constant 
2 2 

E(b^X^  + b^X^  ) = b^X^  + b2X^  since  X is  non-stochastic 

E(p^ut_^)  = ^ since  pt  ^ is  non-stochastic  as  it 

is  defined  in  the  autoregressive  procedures. 
Then  when  B is  added  we  have 

E(A  + B)  = E(A)  + E(B) 
where 


E(A)  -*•  a2  and 


L(B)  b^Xj.  + b22Xi2  + (52Pt_1 
bO 


r 


A + B . with 
I a 


fcst 


“(1) 

tax  + b1X1  + b2X1" 


+ plwt-l] 


(d) 

+ bllXd  + b22Xd 


p2pt-l 


where  becomes  in  the  equation  for  B 


and  Y 


fcst 


AI  + BllXd  + b22Xd  + P2Ut-l 


This  forecast  carries  the  Var(A)  and  the  Var(B)  in  its  two  sections. 

And  the  variance  of  the  forecast  = Var(A  + B)  = 

Var(A)  + Var(B)  + 2Cov(AB) 

however,  if  A j_  B,  Cov(AB)  = 0 

.'.  Var (forecast)  = Var(A)  + Var(B).^ 

and  o = Var(A)  + Var(B) 
test 

Example:  if  Var (A)  = 3 and 
Var (B)  = 2 

o,  = Var (A)  + Var(B) 
fcst 

= 3 + 2 = 5 

= 2.33 

and  a 99%  confidence  interval  for  Y.  = 3o  = + 6.69  units  from 

fcst 

the  mean. 


2 

If  the  forecast  of  values  from  A or  B is  for  an  X which  is 
'•’•.tside  of  the  range  of  the  data,  the  standard  error  of  the  forecast 
■just  be  substituted  tor  Var(A)  and/or  Var(B) . 
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EXHIBIT  1 

REPORT  ON  BUDGET  EXECUTION 
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RTD+E,  AIR  FORCE 
3600 

($  Thousands) 


RTD+E,  AIR  FOkCE 
3600 


< 


I 


FY  7b  Disbursements 


Equation 

is  linear 

in  the  99.8-100% 

range 

• 

• • 

forecast  no 

change  for  those 

so  enter  zero  for 

all  categories 

TOA  = 4,203,345,168 

Cumulative 

Incremental 

Percent 

Percent 

Dollar 

Dollar 

Month 

of  Time 

of  TOA 

Amount 

Amount 

40 

.8333 

\ 

41 

.85417 

j 

42 

.87500 

43 

.89583 

l 

44 

.91667 

> 99.8-100% 

4,203,345,168 

- 0 - 

45 

.93750 

46 

.95833 

47 

.97917 

1 

1 

48 

1.00000 

J 

/ 

RTD+E,  AIR  FORCE 
3600 


FY 

77  Disbursements 

TOA  = 4, 

274,980,100 

Months 

25,  26,  27,  28  from  second  half 

Quad  from  actual  data 

Months 

28-36  from  linear  general  curve 

• 

FY  77- 

second  half  Quad 

= Y = .998982 

- .0014557 (X)  - 

. 000750065 (X2) 

Cumulative 

Incremental 

Percent 

Percent 

Dollar 

Dollar 

Month 

of  T ime 

of  TOA 

Amoun  t 

Amount 

23 

.52083 

.9980207 

4266517349.0 

-197504.0 

26 

.54167 

.997973 

4266314715.0 

-202634.0 

27 

.56250 

.997926 

4266113791.0 

-200924.0 

28 

.58333 

.997878 

4265908592.0 

-205199.0 

Linear 

general  curve  = . 

978022  + .0238816X 

to  match  linear  curve 

for  (28)  .997878 

= a + . 0238816(X) 

whe  re  X 

= .58333 

a 

= .9839471 

New  linear  equation  is  Y 

= .9839471  + 

.0238816X 

Cumulative 

Incremental 

Percent 

Percent 

Dollar 

Dollar 

Month 

of  Time 

of  TOA 

Amount 

Amount 

28 

.53333 

.997898 

4265908592.0 

-205199.0 

29 

.60417 

.99837 

4268011882.0 

2103290.0 

30 

.625 

.99887 

4270149372.0 

2137490.0 

31 

.64583 

.99937 

4272286863.0 

2137491.0 

32 

.66667 

.99986 

4274381603.0 

2094740.0 

33 

.68750 

1.00036 

4276519093.0 

2137490.0 

34 

.70833 

1.00086 

4278400084.0 

1880991.0 

35 

.72911 

1.00135 

4280751323.0 

2351239.0 

36 

.7500 

1.0018 

4282675064.0 

1923741.0 

bo 


RTIH-E,  AIR  FORCE 
3600 


FY  78  Disbursements 
Forecast  Using  General  Curve 
Month  13  = .27083%  of  time 

Equation  for  FY  78  bottom  half  of  curve  equals 

Y = .0212361  + . 913584X  + 7.32439X2 
X = .27083 

.*.  Y 3 - . 76344 

< 

Equation  for  general  curve  second  half  equals 

Y ■=  -.0153688  + 3.95112X  - 3.88272X2 

. 76344  = a + 3. 95112  (. 27083)  + (-3. 88272 (. 27083) 2) 
a = -.0218448 


New  Equation  equals 

Y - -.0213448  + 3.95112X  - 3.88272(X2) 


KTIHE,  AIR  FORCE 
3600 

TOA  *=  A ,655,466,000 


Cumulative 

Incremental 

Percent 

Percent 

Dollar 

Dollar 

Month 

of  Time 

of  TOA 

Amount 

Amount 

13 

.27083 

.76344 

3554168963.0 

2793^8000.0 

14 

.29167 

.8002666 

3725613947.0 

171444984.0 

15 

.31250 

.8337049 

3881284816.0 

155670869.0 

16 

.3333 

.86377 

4021251867.0 

139967051.0 

17 

.35417 

.890485 

4145622b41 . 0 

124370774.0 

18 

.37500 

.91381 

4254211385.0 

108588744.0 

19 

.39583 

.93377 

4347134487.0 

92923102.0 

20 

.41667 

.950370 

4424415222.0 

77280735.0 

21 

.43750 

.963589 

4485955827.0 

61540605.0 

22 

.45833 

.973480 

4532003042.0 

46047215.0 

23 

.47919 

.979927 

4562016831.0 

30013789.0 

24 

.50000 

.98303 

4576462742.0 

14445911.0 

62 


RDT+E,  AIR  FORCE 
3600 


FY  79  Disbursements 

TOA  = 

$4,131,000,000 

Cumulative 

Incremental 

Percent 

Dollar 

Dollar 

Mon  t h 

of  TOA 

Amount 

Amount 

1 

.00537432 

23027515.0 

23027515.0 

2 

.0430865 

177990331.0 

154962815.0 

3 

.085861 

354630239.0 

176639907.0 

4 

.133870 

553016970.0 

198386731.0 

5 

.187184 

773237104.0 

220240134.0 

6 

.245738 

1015143678.0 

241886574.0 

7 

.309557 

1278779967.0 

263636289.0 

8 

.378674 

1564302294.0 

285522327.0 

9 

.453023 

1871438013.0 

307135719.0 

10 

.532636 

2200319316.0 

328881303.0 

11 

.617555 

2551119705.0 

350800389.0 

12 

.707699 

2923504569.0 

• T 

372384864.0 

63 


RTEH-F. , AIR  FORCE 
3600 

FY  76  Reimbursements 


General  Model 

Y = -.00748270  + 2.47092X  + (-1.51497)X2 
Based  on  73/74  data 

.97430  = a + 2 . 47092 (. 8333)  + (-1 . 51497) (. 3333) 2 
a = -.0323 

Y = -.0323  + 2.47092X  + (-1.51497)X2 


Month 

Percent 
of  Time 

Percent 
of  Total 
Amount 

Cumulative 

Dollar 

Amoun  t 

Incremental 

Dollar 

Amount 

40 

.83333 

.97430 

474426472.0 

- 0 - 

41 

.85417 

.97430 

474426472.0 

- 0 - 

42 

.87500 

.97500 

474767330.0 

340858.0 

43 

.89583 

.97500 

474767330.0 

- 0 - 

44 

.91667 

.97500 

474767330.0 

- 0 - 

45 

.93750 

.98500 

479636739.0 

4869409.0 

46 

.95833 

.98500 

479636739.0 

- 0 - 

47 

.97917 

.98500 

479636739.0 

- 0 - 

48 

1.00000 

1.00000 

486940852.0 

7304113.0 

65 


RTIHE,  AIR  FORCE 
3600 

FY  77  Reimbursements  Total  Amount  = 371,732,210 

Equation  from  general  curve  = -.00748270  + 2.47092X  - 1.51497X 

at  23:  .858209  = a + 2.47092X  - 1.51497X2 
a ■=  -.020478 

Equation  is  Y = -.020478  + 2.47092X  - 1.51497X 


Month 

Percent 
of  Time 

Percent 
of  Total 
Amoun  t 

Cumulative 

Dollar 

Amount 

Incremental 

Dollar 

Amount 

25 

.52083 

.85549 

318013188.0 

7159562.0 

26 

.54167 

.8734 

324670912.0 

6657724.0 

27 

.56250 

.89006 

330863970.0 

6193058.0 

28 

.58333 

.90537 

336555191.0 

5691221.0 

29 

.60417 

.91938 

341763159.0 

5207968.0 

30 

.625 

.93206 

346476724.0 

4713565.0 

31 

.64583 

.94342 

350699602.0 

4222878.0 

32 

. 66667 

.95348 

354439228.0 

3739626.0 

33 

.68750 

.96221 

357684450.0 

3245222.0 

34 

.70833 

.96964 

360446420.0 

2761970.0 

35 

.72911 

.97373 

362710269.0 

2263849.0 

36 

. 7500 

.98054 

364^*9^301 . 0 

1788032.0 

RTD+E,  AIR  FORCE 
3600 


FY  78  Forecast  Reimbursements 

Equation  = -.147b03  + 3.33897X  + (-2.70299X2) 

For  Month  13  = -.147603  + 3.33897(13)  - 2.70299(13)2 

(.27083)  (.27083) 

Y 2 - .518202625 
Y13  - .5584289 

General  second  half  equation  = -.748270X10  *"  + 2.47092X  - 1.51497X 

.5584289  = a + 2.47092(.27083)  - 1 . 51497 (. 27083) 

.*.  a - .0003510 

.'.  revised  general  equation  is:  Y ” .0003510  + 2.47092(X)  - 1.51497(X“) 
Multiply  Y percentage  by  575,884,0174 


RTLH-E,  AIR  FORCE 
3600 


Month 

Percent 
of  Time 

Percent 

End 

Fifiure 

Cumulat ive 

Dollar 

Amount 

Incremental 

Dollar 

Amount 

13 

.27083 

. 5 .>84289 

321590278.4 

23165668.9 

14 

.29167 

.5921636 

341017552.9 

19427274.5 

15 

.31250 

.624567 

359678153.1 

18661600.2 

16 

. 3333 

.655612 

366038792.1 

6360639.0 

17 

.35417 

.685444 

3947362441.4 

28697452. 3 

16 

.37500 

.713903 

411125327.7 

16389083.3 

19 

.39583 

.7410476 

426757469.0 

15632141.3 

20 

.41667 

.7668894 

441639348.6 

14881879.6 

21 

.43750 

. 7914038 

455756799.7 

14117451.1 

22 

.45833 

.81460352 

469117032.3 

13360232.8 

23 

.47919 

.836519 

481737922.4 

12620889.9 

24 

.5000 

.85706893 

493572068.2 

11834145.8 

6 a 


RTD+E,  AIR  FORCE 
3600 


Percent 

Cumulative 

Incremental 

Percent 

End 

Dollar 

Dollar 

Month 

of  Time 

Fifiure 

Amount 

Amount 

13 

.27083 

. 5o84289 

321590278.4 

23165668.9 

14 

.29167 

.5921636 

341017552.9 

19427274.5 

15 

.31250 

.624567 

359678153.1 

18661600.2 

16 

.3333 

.655612 

366038792.1 

6360639.0 

17 

.35417 

.685444 

3947362441.4 

28697452.3 

18 

.37500 

.713903 

411125327.7 

16389083.3 

19 

.39583 

.7410476 

426757469.0 

15632141.3 

20 

.41667 

. 7668894 

441639348.6 

14881879.6 

21 

.43750 

.7914038 

455756799.7 

14117451.1 

22 

.45833 

.81460352 

469117032-5 

13360232.8 

23 

.47919 

.836519 

481737922-4 

12620889.9 

24 

.5000 

.85706853 

493572068.2 

11834145.8 

68 
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RDT+E,  AIR  FORCE 
3600 


FY  79  Reimbursements 


FY 

73  — 

263319407 

Actual 

FY 

74  — 

311317837 

Actual 

FY 

1 

1 

292599944 

Forecast 

FY 

76  — 

486940852 

Forecast 

FY 

77  — 

371732210 

Forecast 

FY 

78  — 

575884017 

Forecast 

FY 

79  — 

410000000* 

★Forecast  based  on  a pattern  of  increases  and  decreases  which  indicates 
a decrease  of  160  million  from  previous  year. 


Month 

Percent 
of  Total 

Amoun  t 

Cumulative 

Dollar 

Amount 

Incremental 

Dollar 

Amount 

1 

. 00000 

0 

0 

2 

.00384894 

1578065.0 

1578065.0 

3 

.0196348 

8050268.0 

6472203.0 

4 

.0408402 

16744482.0 

8694214.0 

5 

.0674794 

27666554.0 

10922072.0 

6 

.0995268 

40805988.0 

13139434.0 

7 

.136994 

56167540.0 

15361552.0 

8 

.179902 

73759820.0 

17592280.0 

9 

.228211 

93566510.0 

19806690.0 

10 

.281940 

115595400.0 

22028890.0 

11 

.341118 

139858330.0 

24262980.0 

12 

.405689 

166332490.0 

26474110.0 

EXHIBIT  IV 


TREAS. 

CODE 

0003F 
0008F 
1997F 
1998F 
3010F 
3020F 
3041F 
3080F 
3199F 
3300F 
34  OOF 
3499F 
3500F 
3600F 
3700F 
3730F 
3740F 
3830F 
3840F 
3850F 
3875F 
3960  F 
4080F 
4921F 
4922F 
5095F 
8418F 
8420F 
8928F 
9003F 
9083F 


TREASURY  CODE  CATEGORIES 

TREAS.  NAME 

OFFSETTING  RECEIPTS,  AIR  FORCE 
RCPT  CIV,  AIR  FORCE 

UNAPPLIED  APPN . FINANCED  MAT.  CHGS.-AF 
UNAPPLIED  STOCK  FUND,  AIR  FORCE 
AIRCRAFT  PROCUREMENT,  AIR  FORCE 
MISSILE  PROCUREMENT,  AIR  FORCE 
RECOV.  UNDER  FOR.  MIL  SALES  PROG.,  A. F. 

OTHER  PROCUREMENT,  AIR  FORCE 

DISCONTINUED  PROCUREMENT  APPROP.,  AF 

MILITARY  CONSTRUCTION,  AIR  FORCE 

OPER.  AND  MAINT.,  AIR  FORCE 

MISC.  EXPRD,  AIR  FORCE 

MILITARY  PERSONNEL , AIR  FORCE 

RDT+E,  AIR  FORCE 

RESERVE  PERSONNEL , AIR  FORCE 

MIL.  CON.,  AIR  FORCE  RESERVE 

OPER.  AND  MAINT.,  AIR  FORCE  RESERVE 

CON.,  AIR  NATIONAL  GUARD 

OPER.  AND  MAINT. , AIR  NAT'L  GUARD 

NATIONAL  GUARD  PERSONNEL,  AIR  FORCE 

BUDGET  CLEARING  ACCOUNT  (SUSPENSE),  A . F . 

AIR  FORCE  MANAGEMENT  FUND 

DEL.  PROD.  GUAR.,  AIR  FORCE 

AIR  FORCE  STOCK  FUND 

AIR  FORCE  INDUSTRIAL  FUND 

WILDLIFE,  AIR  FORCE 

AIR  FORCE  CADET  FUND  (T.  REV) 

SURCHRGE  COLL.,  SALES  OF  COMM-STORES , AF  (TR) 
AIR  FORCE  GENERAL  GIFT  FUND  (TRUST) 

FEDERAL  INTLRFUND,  AIR  FORCE 
INTRAGOVERNMENTAL  TRUST  FUND,  AIR  FORCE 
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table  in 


3010A  AIRCRAFT  PROCUREMENT,  AIR  FORCE  (1st  Part) 


TABLE  IV 


3010A  AIRCRAFT  PROCUREMENT,  AIR  FORCE  (2nd  Part) 


TABLE  V 


TABLE  VII 


TABl-fc  IX 


TABLE 


TABLE  XI 


3020H  MISS  ILL  PROCUREMENT , MR  FORCE  (2nd  Part) 


TABLE  XIII 


3080A  OTHER  PROCUREMENT,  AIR  FORCE  (2nd  Part) 


TABLE  XIV 


TABLL  XV 


3080B  OTHER  PROCUREMENT,  AIR  FORCE  (2nd  Part) 


TABLE  XVI 
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OPERATIONS  AND  MAINTENANCE 


TABLE  XIX 


JAO'JA  OPERATIONS  ANl>  MAINTENANCE,  AIR  FORCE  (2nd  Part) 


TABLE  XX 


3400H  OPERATIONS  AND  MAINTENANCE,  AIR  FORCE  (1st  Part) 


tabee  xxi 


TABLE  XXIII 


3500A  MILITARY  PERSONNEL,  AIR  FORCE  (2nd  Part) 


TABLE  XXIV 


TABLE  XXV 


3500B  MILITARY  PERSONNEL,  AIR  FORCE  (2nd  Part) 


TABLE  XXVI 


TABLE  XXVII 


600A  R.  D.  T.  & E. , AIR  FORCE  (1st  Part-) 


AIR  FORCE  (2nd  Part) 


TABLE  XXIX 


3600A  R.  D.  T.  i.  E.,  AIR  FORCE  (3rd  Part) 


TABLE  XXX 


3600B  R.  D.  T.  & E.  , AIR  FORCE  (1st  Part) 
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